Numerical Integration (Gauss-
Legendre Two Point Formula)

Compiled by
Dr. Shyam Arjun Sonawane
Associate Professor, Mechanical Engineering

Government College of Engineering & Research, Avasari (Kh)



What is Integration ?

* The process of measuring the area under a function plotted on a
graph.

I:?f(x)dx

- (0N

* Where: i)
* f(x) is the integrand

* a= lower limit of integration

* b= upper limit of integration




Limitations of Newton-Cotes Formula

* When we calculate integration by Newton-Cotes method, the area is divided
in number of strips with step size h.

. Thle formula includes y values (function values) at the corresponding x
values.

e But for complicated equations it becomes difficult to find function values.

* As ﬁinore processing time is required, computer program also becomes
inefficient.

* |f we reduce the number of strips, number of function values will be less.
But, this affects the accuracy of the solution.

* This limitation of Newton-Cotes equation is overcome by Gauss-Legendre
guadrature method.



Gauss-Legendre Quadrature Method

This method converts the function variable f(x) to a function variable
f(u) such that the original limits x, and x,, gets changed to (-1) and

(+1) respectively whereas the area under the curve f(x) and f(u)
remains same. Refer figure (a) and (b)
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Gauss-Legendre Quadrature Method .....Contd

For figure (a) the function is written as, I = f;onf(x)dx

Similarly for figure (b) the function is written as, I = fjllf(u)du
Assuming linear relationship between x and u, let the relation be,

x=Cu+d........(1)
From figures (a) & (b), at x = x, u=-1
Xg=—CH+d.n....(2)
atx = x,, u=1
Xn=C+d ... (3)
Solving eq. (2) & (3), we get
C —_ Xn—Xo & d —_ XntXo

2 2



Gauss-Legendre Quadrature Method .....Contd

Now differentiatingeq. (1) dx = C.du

The transformation from f(x) to f(u) can be obtained by substituting x = Cu+ d and dx = C.du in the

given function
+1

f "= [ fCut d).c.du
X0 +1 -1
C f(Cu+d)du
-1

2

As we have transferred f(x) equivalent to f(u), the problem has reduced to find area bounded by y=f(u), u=-
1, u=+1 and y=0. The solution can be given in series form as,

+1
I — f—l f(u)du — ?zo li-f(ui) EEm EEE EEE ® W (4')
where A;=weights of integration.

As per the accurac¥ level, we can consider few terms of the series solution. The obtained equation are
called as two point formula and three point formula.



Gauss-Legendre Two Point Formula

For, two point formula first two terms of series solution are considered. Hence eq. (4) i.e.

f_ fwdu = X A f(u;) becomes,

+1
JZL f@)du = 2o f (o) + A1 f(Wq) v vvv - (5)
To find the value of four unknown )50 Oand u, four equations are required. To find four
unknown we substitute f(u) by 1, u, u and respectlvely

(@) forf(u) =1, f(uy) =1 andf(ug = 1, substitute in eq. (5)
f l.du =21p.1+2;.1

2= A+ Ay oo (6)
(b) for f(u) = u, f(uy) = uoandf(':,i]l) = Uy, substitute in eq. (5)

f u.du = Ay ug + A1 uy
-1



Gauss-Legendre Two Point Formula .....Contd

(c) for f(w) = u?, f(uy) = u andf (u1)+=1 uf,substitute in eq. (5)
f u?.du = Ag.ud + Ay uf
-1

2
3= Ao-ud + A uf ... ........(8)
(d) for f(u) = u3, f(uy) = ug andf(u1)+=1 u3,substitute in eq. (5)
f wd.du = Ao ud + Ay u3
0= gt + A0 UB oo (9)
Solving eq. (6), (7), (8) and (9) we get

-1 1
AO = 1, 11 = 1, Ug = (E)and u, = (ﬁ)
Substituting these values in eq. (5)

f—+11 fuw)du = 1.f(%) + 1.f(%)



Gauss-Legendre Two Point Formula .....Contd

Which can be written as,

Xn +1 —1 1
f F () dx = f_l fdu=F(2) + ()

The above equation is called as Gauss-Legendre Two Point Formula.



Gauss-Legendre Two Point Formula .....Contd

To find the integration by Gauss-Legendre Two Point Formula use following
steps

1) Write the given function in the form of I = f;}n f(x)dx

2) Calculate the values of ‘C’ and ‘d’ by using relation C = ~2-2& d = xn;rxﬂ
3) Calculate the two values of x i.e. x;and x,and corresponding values of y by
using relation,
x1=C(\/—1§)+d and x, = — (\/—15)+d

y1 = f(x1) and y, = f(x3)
4) Calculate the area under the curve by using
A= y1+y2)C



Gauss-Legendre Two Point Formula .....Contd

Example: Compute the integral 1 = f_zz(e_x/Z)dx using Gauss two point formula.
Solution: f(x) = (e /2), x¢=-2, x,,=2

Step 1: Calculate the value of Cand d
xn_xo_z_(_z)_z

C =
2 , (22)
_ xn+x0 _ +(— _
d = =, = 0
Step 2: Calculate the value of x;and x-
C (1 +d (2 + 0 =1.1547
X4 = — = | — = 1.
O
X, =—C|—=|+d=|—=]+0=-1.1547

\V3 \V3



Gauss-Legendre Two Point Formula .....Contd

Step 3: Calculate the value of y,y = f(x) = (e_/2)
—X _
yi=(e /2)=e "2 = 056138

— —(—1.1547
Y, = (e xz/z) —e 2 = 17813

Step 4: Calculate the area under the curve (A)
A= (y; +vy,).C=(056138+ 1.7813)x2 = 4.6853

2
[ = f (e /2)dx = 4.6853
-2




Problems on Gauss-Legendre two point
formula

1.

Compute the integral f01(4 + 2cosx)dx using Gauss-Legendre
two point formula.

Find the integration foz(x2 — 3x + 2)dx using Gauss-Legendre
two point formula.

3. Evaluate fol(xex)dx using Gauss-Legendre two point formula.

Find the integration x> + x — 1 with limits 1 to 4 using Gauss-
Legendre two point formula.



Problems on Gauss-Legendre two point
formula .. Contd

5.

COSX—X

Compute the integral f (—
point formula.

)dx using Gauss-Legendre two

x3—4x+2

Compute the integral f (
point formula.

)dx using Gauss-Legendre two

Compute the integral f_ll(x3 — 6x + 13)dx using Gauss-
Legendre two point formula.
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What is Integration ?

* The process of measuring the area under a function plotted on a
graph.

I:?f(x)dx

- (0N

* Where: i)
* f(x) is the integrand

* a= lower limit of integration

* b= upper limit of integration




Limitations of Newton-Cotes Formula

* When we calculate integration by Newton-Cotes method, the area is divided
in number of strips with step size h.

. Thle formula includes y values (function values) at the corresponding x
values.

e But for complicated equations it becomes difficult to find function values.

* As ﬁinore processing time is required, computer program also becomes
inefficient.

* |f we reduce the number of strips, number of function values will be less.
But, this affects the accuracy of the solution.

* This limitation of Newton-Cotes equation is overcome by Gauss-Legendre
guadrature method.



Gauss-Legendre Quadrature Method

This method converts the function variable f(x) to a function variable
f(u) such that the original limits x, and x,, gets changed to (-1) and

(+1) respectively whereas the area under the curve f(x) and f(u)
remains same. Refer figure (a) and (b)

ﬁy ANy
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Gauss-Legendre Quadrature Method .....Contd

For figure (a) the function is written as, I = f;onf(x)dx

Similarly for figure (b) the function is written as, I = fjllf(u)du
Assuming linear relationship between x and u, let the relation be,

x=Cu+d........(1)
From figures (a) & (b), at x = x, u=-1
Xg=—CH+d.n....(2)
atx = x,, u=1
Xn=C+d ... (3)
Solving eq. (2) & (3), we get
C —_ Xn—Xo & d —_ XntXo

2 2



Gauss-Legendre Quadrature Method .....Contd

Now differentiatingeq. (1) dx = C.du

The transformation from f(x) to f(u) can be obtained by substituting x = Cu+ d and dx = C.du in the

given function
+1

f "= [ fCut d).c.du
X0 +1 -1
C f(Cu+d)du
-1

2

As we have transferred f(x) equivalent to f(u), the problem has reduced to find area bounded by y=f(u), u=-
1, u=+1 and y=0. The solution can be given in series form as,

+1
I — f—l f(u)du — ?zo li-f(ui) EEm EEE EEE ® W (4')
where A;=weights of integration.

As per the accuracy level, we can consider few terms of the series solution. The obtained equation are
called as Three Point formula and three point formula.



Gauss-Legendre Three Point Formula

For, three point formula first three terms of series solution are considered. Hence eq. (4) i.e.

f_ fwdu = X A f(u;) becomes,
f+1f(u)du = Ao f (o) + Ay f(ug) + Az f (1) - .. (5)

To find the value of six unknown Ay, A1, A, U, uland Uy SiX ec1uat|0ns are required. To find six
unknown we substitute f(u) by 1, u, u?, u3, u*and u° respective

(@) for f(u) =1, f(uy) = l,f(ug = landf (u,) = 1, substitute in eq. (5)
f l.du =25. 1+ 7.1 4+2A,.1

2= A+ M Ay .. (6)
(b) for f(u) = u, f(uy) = uo,f(+ul1) = u,andf (u,) = u,, substitute in eq. (5)

f u.du = Ag.ug + A.uq + A5 u,
-1
0= Ao.uO + Al.ul + Az.U,Z (7)



Gauss-Legendre Three Point Formula ..Contd

(c) for f(w) = u?, f(uy) = u%,f(ul)_; ufandf(u,) = us,substitute in eq. (5)
f u?.du = Ag.u§ + A uf + Ay ub
-1

2
§ = lo.u(z] + ll.u% + lz.u% Cer e e e (8)
(d) for f(u) = u3, f(uy) = ug, andf£?f1) = uiandf(u,) = u3,substitute in eq. (5)
f wodu = Agoud + A ud + A u
-1

0= lo.ug + ll.u% + lz.u% Cee e wee (9)
(e) for f(w) = u?, fuy) = ug,andfgitl) = ufandf(u,) = ui,substitute in eq. (5)

f ut.du = Ag.ug + A uf + Ay us
-1

2
g = lo-ug + ll.uf + lz.ug ver e anna s (10)



Gauss-Legendre Three Point Formula ..Contd

(f) for f(u) = u>, f(uy) = ug3, andf (uy) = uzandf (u,) = u3,substitute
ineq. (5)

+1
f u’.du = Ag.ug + A ug + Ay ud

1
0 — Ao.ug ~+ Al.u% ~+ }\z.ug cas nas was o (11)
Solving eq. (6), (7), (8), (9), (10) and (11) we get

0= () 2= ()2 = G = (- E) v =0 = )

Substituting these values in eq. (5)

J7) fu)du = é.f(—\[%) +2.£(0) + é.f(\[%)



Gauss-Legendre Three Point Formula ..Contd

Which can be written as,

fx?f(x)dx - f—llf(u)du = %-f(—\/%)%.fm) + %.f(\/%)

The above equation is called as Gauss-Legendre Three Point
Formula.



Gauss-Legendre Three Point Formula ..Contd

To find the integration by Gauss-Legendre Three Point Formula use following steps

1)

2)
3)

4)

Write the given function in the form of I = f;”f(x) dx

. . — _I_
Calculate the values of ‘C’ and ‘d’ by using relation C = % &d = %

Calculate the three values of x i.e. x1, x,and x3and corresponding values of y by
using relation,

xlzC(\E)+d, x2=—C(\/§)+dandx3=C(0)+d=d

y1=f(x1), y2=f(x2)and y3 = f(x3)
Calculate the area under the curve by using

1[5 :
A= [6(3’1"‘3’2)"‘6(3’3)]-(:



Gauss-Legendre Three Point Formula ..Contd

Example: Find integration of e*cosx — 2x in limits 0 to 1 by using Three Point Gauss-Legendre formula.
Solution: f(x) = (e*cosx — 2x) , x5=0, x,,=1
Step 1: Calculate the value of C and d

C =

xn_xo_l_(o)_

2 2
d = XntXo _ 1+(0) _

2 2

0.5

0.5

Step 2: Calculate the value of x4, X, and x3

3 3

x1=C \E +d=0.5(\/; + 0.5 = 0.8872
3 3

Xy, = —C 5 +d =-0.5 5 + 0.5 =0.1127

x?):d:O.S




Gauss-Legendre Three Point Formula ..Contd

Step 3: Calculate the value of y,y = f(x) = (e*cosx — 2x)
y; = (e¥1cosx; — 2x1) = (98872¢050.8872 — 2(0.8872)) = —0.2407
y, = (e*2cosx, — 2x,) = (€%11%7¢050.1127 — 2(0.1127)) = 0.8867
ys = (e*3cosxs — 2x3) = (€%°c0s0.5 — 2(0.5)) = 0.4468

Step 4: Calculate the area under the curve (A)

RE :
A= \6(3’1"‘3’2)"‘6(3’3)]-(:

5 38
= [6 (—0.2407 4+ 0.8867 ) + 5 (0.4468)] .0.5

1
A= f (e*cosx — 2x)dx = 0.37802
0



Problems on Gauss-Legendre Three Point

formula
1. Using Gauss-Legendre Three Point formula f35(x2 — 5x + 2)dx.
2. Find the integration foz(ex + 4x — 3)dx using Gauss-Legendre
Three Point formula.
1, 1 . .
3. Evaluate fo (1+x2)dx using Gauss-Legendre Three Point
formula.
4. Find the integration f04(x3 — cosx + 6)dx using Gauss-Legendre

Three Point formula.



Problems on Gauss-Legendre Three Point
foroma .. Contd

5. Compute the integral fo /z(eSinx)dx using Gauss-Legendre Three

Point formula.
ex

1+x2)dx'

7. A fluid is confined in a cylinder by a spring loaded frictionless
piston so that the pressure in the fluid is a linear function of
volume P=a+bV where P is in Kpa, V is in m3, a=-60 kN/m?,
b=7667 kKN/m?. If the fluid changes from initial condition of
0.03 m?3 to final volume of 0.06 m3. Find the magnitude of work
transfer during the process using Gauss-Legendre 3 point
formula.

6. Use Three Point Gauss-Legendre formula to solve fog(
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Double Integration

The double integration can be written as

Xn Yn
a= " "ryxdy
Xo Yo
The value of integration can be found by two successive integration in x and y
directions (by considering one variable at a time). In this case, the interval x, to x,,
is divided into ‘n” equal subintervals with step size ‘h” whereas the interval y, to y,
is divided into ‘m” equal subintervals with step size k"

h = Xn—Xo and k = Yn—Yo
n m

The double integration can be found by using (1) Trapezoidal Rule (2) Simpson’s
Rule




Simpson’s 1/3"@ Rule

Double integrationis given by Xy ~y
a= [ yaxay

X0 “Yo
In the given equation if n=m=2 then,

X2 rY2
a=[ | reuyydrdy
X Yo
Initially integrating the above equat}i}or;tw.r.t. X
2
A= [ 3Gy + 47 Geay) + +f G )] dy
Yo
Now integrating the above equationw.r.t. y

hk
=33 [f Cxo,¥0) +4f (X0, ¥1) + f(x0,¥2) + 41f (x1,¥0) +4f (X1, y1) + f (x1,¥2)] + £ (x2,¥0)

+4f (x2,y1) + f(x2,¥2)]



Simpson’s 1/3"@ Rule ...Contd

A

hk
33 [f (X0, ¥0) + f(x0,¥2)) + f(x2,¥0) + f(x2,¥2)

+ 4[f (x0,¥1) + f(x1,¥0) + f(x1,¥2) + f(x2, y1)] + 16 (x4, y1)]
When number of strips n=m=2, the table is prepared as follows

X xD x1:XU+h x2:xﬂ+2h X xD x1:XU+h xEZIU‘i‘Zh
Y Y
Yo f(x0,¥0) f(xy,¥0) f(x5,50) Yo f/\x
Vi =Yootk | flx0,¥1) f(x1,¥1) fxs¥1) Y1 =Yo t Kk A.
1 0 0 Y1 1, Y1 2 M1 1 0 <"‘"--_ f>
v
Y, = Yo + 2k f(x0,¥2) f(xy,y2) f(xs,55) Vo, = Yo + 2k




...Contd

A= gg[z f(x,yi) + 4Zf(xi;3h') + 16Zf(xi!yi)

Square terms Rhombus terms Remaining terms
For n number of strips prepare a table as follows

Simpson’s 1/3"@ Rule

X X, X, =Xg+h | x5 =xy+2h | x3=x5+3h|x, =x,+ 4h
Y
Yo f(x0,¥0) _l_ _f(ﬂfuyg_)_ - f(x2,¥0) o _f(_-’f3_;}’_u)_ 1, f(x4,¥0)
| o — | .
A, I A, [
yi=Yo tk f(x0,¥1) E“th};}: f(x2,51) ;‘@&b}: flxe,y1)
Y2 = Yo + 2k f(x0,¥2) : : Z(E:;_yZ): : : f(x2,52) i _f(_xs._s}’_z)_ 7 f(x4,52)
h = sl == 1
As . : A,
Y3 = Yo + 3k f(x0,¥3) :"4‘51;}’;}' f(x2,¥3) :44‘33:»:-: f(x4,¥3)
N~ 1. oo~ 1.
Vi = Yo + 4k f(x0,¥4) f(x1,54) fQxa,v4) f(xsayzt) f(xe,y4)




Simpson’s 1/3"@ Rule ...Contd

The total area is given by

hk
A:§§[A1+A2 +A3 +A4_]

Where
1

A
= [(f(xOJJ’o) + f(x2,¥0) + f(x2,¥2) + f(xojh))

+ 4(f Ce1, ¥0) + f (2 y1) + f(x1,¥2) + f(x0,¥1)) + 16f(x1,y1)]
A;

[(f(xzdh) + f (x4, ¥0) + f (x4, ¥2) + f(x2,72))
+ 4(f(x3;JI0) + f(xg,y1) + f(x3,52) + f(xzdﬁ)) + 16f(x3;J’1)]
Note:- While calculating area A4,, the terms in the 3" column are repeated.



Simpson’s 1/3"@ Rule ...Contd

A3
= |(f(x0,y2) + f (x2,¥2) + f(x2,y4) + f (x0,¥4))

+ 4(f(x1:y2) + f(x2,¥3) + f(x1,¥4) + f(xo;y3)) + 16f(x1,y3)]
Note:- While calculating area A3 the term in the 3" row are repeated.

Ay
= |(fCe2,y2) + f (x4, ¥2) + f (x4, va) + f(x2,v4))
+ 4(f (3, y2) + f(xg,¥3) + f(x3,y0) + f(x2,¥3)) + 16f (x3,v3) ]
Note:- While calculating area 44 the term in the 3" row and 3" column are repeated.

The above equation gives the total area under the curve for double integration by
Simpson’s 1/3" rule.



Simpson’s 1/3"@ Rule ...Contd

Example: Find the integral of f(x,y) =(x%+y?+5) for x=0 to 2 and y=0 to 2
taking increment in both x and y as 0.5 applying Simpson’s 1/3" rule.

Solution: f(x,y) = (x%+y*+5), x,=0, x,=2, ¥0,=0, V,,,=2, h=k=0.5
Step 1: Calculate the corresponding values of x and y wrt h & k

Xo =0
X1=X9g+h=0+05=0.5
X, =Xg+2h=0+2(0.5)=1.0
X3 =X9g+3h=0+3(0.5)=1.5
X4 =X9g+4h=0+4(0.5)=2.0




Simpson’s 1/3"@ Rule ...Contd

Yo =0
y1=Yo+k=0+05=0.5
y2 =yo +2k=0+2(0.5)=1.0
y3=yo +3k=0+3(0.5)=1.5
V4 =Yg +4k=0+4(0.5)=2.0
Step 2: Calculate the values of f(x; y;), f(x,y) = (x*+y?+5)
1) xy=constant

f (%0, ¥0)=(x0 " +¥%+5) = (0+ 0+ 5) = 5
f(x0,v1)=(xo“+y1245) = (0 4+ 0.52 + 5) = 5.25
f(x0,¥2)=(x0 " +¥,245) = (0+ 12 +5) = 6
f(x0,v3)=(x0“+y3245) = (04 1.52 + 5) = 7.25
f (%0, ¥a)=(x0" +y42+5) = (0 + 22 + 5) = 9



Simpson’s 1/3"@ Rule

2) x;=constant

3) x,=constant

f(x1,¥0)=(21°+¥4245) = (0.5% + 02 + 5) = 5.25
£y, y1)=(12+y,245) = (0.52 + 0.52 + 5) = 5.5
f 1, y2)=(x1 > +y,2+5) = (0.52 + 12 + 5) = 6.25
£, y3)=(x12+y52+5) = (0.52 + 1.52 + 5) = 7.5
(o, ¥4)=(x1 2 +y,>+5) = (0.52 + 22 +5) = 9.25

f(xz;JJo)=(x22+YO2+5) =(124+0%2+5)=6
f(x2 y1)=(x2+y,245) = (12 + 0.52 + 5) = 6.25

f(xZJy2)=(x22+y22+5) =(12+1%2+5)=7
f(x2y3)=(x 2 +y32+5) = (12 + 1.52 + 5) = 8.25

(0, ¥4)=(22"+y,245) = (12 + 22 + 5) = 10

...Contd



Simpson’s 1/3"@ Rule

4) x3=constant

5) x,=constant

f(x3,70)=(x3°+y%4+5) = (1.52 + 02 + 5) = 7.25
f(x3,v1)=(x3°+y,245) = (1.52 4+ 0.52 4 5) = 7.5
f(x3,v5)=(x3°+y,245) = (1.5%2 + 12 + 5) = 8.25
f(x3,93)=(x3°+y3245) = (1.52 + 1.52 + 5) = 9.5
f(x3,v4)=(x3°+y,%2+5) = (1.52 + 22 + 5) = 11.25

f (x4, 70)=(xs 4y 45) = (22 + 02 +5) = 9

f (x4, v1)=(x, " +y1245) = (22 4+ 0.52 + 5) = 9.25
f(x4,¥2)=(x4"+y,2+5) = (22 + 12 4+ 5) = 10

f (x4, y3)=(xs°4y3%4+5) = (22 + 1.5%2 + 5) = 11.25
f (x4, y)=(x4" +y,245) = (22 + 22 + 5) = 13

...Contd



Simpson’s 1/3"@ Rule

Step 3: Make a table for all values of f(x,y)

..Contd

X Xo Xy =Xo+h | x;, =xp+2h | x3 =%x5+ 3h | x4 =x5+ 4h
y :
Yo f(x0,¥0) ~- f(gc]_y_q)_ o f(xz }’0) L _f(_xs_l)’_o)_ i f(xml)’o)
| \ '

L=y +k i Vi 1, V4 > 1 3 4 V1
Vi =Yo + flx y):Qy f(xzy). flxs,y )/>:f(x Y1)
Yo =Yo + 2k f(x0,¥2) : 2(251___}’2 : :_ f(x2,5,) " : ?(_x?:yz : : ; f(x4,52)

‘ A,
Y3 = Yo + 3k f(x0,¥3) |@1 .)’3)/>| f(x5,53) 4’53 ys.)\>l f(x4,¥3)
Y D,
Ya = Yo + 4k f(x0,¥4) f(x1,4) f(xz Ya) f(xs Ya) f(xm Ya)




Simpson’s 1/3"@ Rule

...Contd

0 0.5 1 15 2
y
0 5 | 525 | 6 7.25 9
A
| 1 2 |
05 525 | K 55 _F1 625 :<?.5 928
. l ]
Y - i
1 6 6.25 7 8.25 10
it i - 1
i A. I A I
15 7.25 :.‘<?.55>>| 8.25 :<9.§ L1 1125
o~ 1. '___":*:—*”if
2 9 9.25 10 1125 13




Simpson’s 1/3"@ Rule ...Contd

Step 4: Calculate the area under the curve by Simpson’s 1/3" rule

As per Simpson’s 1/3™ rule area A,is given by
A = Xf(xuyl) + 42f(xuyl) + 162f(xuyl

Square terms Rhombus terms Remaining terms

Aq
= [(f(xo,LVo) + f(x2,¥0) + f(x2,y2) + f(xo»h))

+ 4(f(x1»J/0) + f(x2, 1) + f(xy,y2) + f(xo,Jﬁ)) + 16f(x1;LV1)]
Ay =|(5+6+7+6)+4(5.25+6.25+ 6.25 + 5.25) + 16(5.5)]
A =204



Simpson’s 1/3"@ Rule ...Contd

For calculating area A,, the terms in the 3" column are repeated
A,

= [(f (2, ¥0) + f (g, ¥0) + f g, v2) + f(x2,52))

+ 4(f (x3,¥0) + f(xg, 1) + f(x3,¥2) + f(x2,¥1)) + 16f (x3,y1)]

Az
=[(64+9+4+10+7)+4(7.25+9.25 4+ 8.25 4+ 6.25) + 16(7.5)]

A, =276



Simpson’s 1/3"@ Rule ...Contd

For calculating area A3, the terms in the 3" row are repeated

A3

= [(f(xol yZ) + f(xZJyZ) + f(xZJy4-) + f(xOJ J@))

+4(f (o1, ¥2) + f(x2,y3) + f 1, ¥a) + f(x0,¥3)) + 16f (x1,y3)]

A3
=[(6+7+4+10+9)+4(6.25+ 825+ 9.25 4+ 7.25) + 16(7.5)]

A; = 276



Simpson’s 1/3"@ Rule ...Contd

For calculating area A,4, the terms in the 3" row and 3" column are
repeated

Ay
= [(f(xz; yZ) T f(X4,y2) T f(x4,JJ4) T f(xz,y4))
+4(f (x5, 72) + fCay3) + f(x3,78) + f (2, 73)) + 16f (x3,75)]

Ay
=[(7+10+ 13 +10) + 4(8.25 + 11.25 + 11.25 + 8.25)
+ 16(9.5)]

A4 = 348



Simpson’s 1/3"@ Rule ...Contd

The total area is given by

hk
A=§§[A1+A2 +A3+A4]

0.50.5

A= > 3 [204 + 276 + 276 + 348]

A = 30.6666



Problems on Simpson’s 1/3" Rule

1. Find fol fol(e“zy)dxdy using Simpson’s 1/3" rule take h=k=0.5.

2. Find double integral of f(x,y) =2x+y+1 for x=0 to 2 and y=0 to 2
with step size for both x and y as 1 by using Simpson’s 1/3™ rule .

3. Evaluate f614 fls (x;r;y) dxdy by Simpson’s 1/3 rule. Take
number of strips for x and y equal to 4.

4. Evaluate f614 fls(x — y + 1) dxdy using Simpson’s 1/3" rule with
number of strips for x and y equal to 4.



Reference Books

1. Steven C. Chapra, Raymond P. Canale, Numerical Methods for
Engineers, 4/e, Tata McGraw Hill Editions

2. Dr. B. S. Garewal, Numerical Methods in Engineering and Science,
Khanna Publishers,.

3. Steven C. Chapra, Applied Numerical Methods with MATLAB for
Engineers and Scientist, Tata Mc-Graw Hill Publishing Co-Ltd

4. Rao V. Dukkipati, Applied Numerical Methods using Matlab, New
Age International Publishers



Reference Books ...Contd

5. Gerald and Wheatley, Applied Numerical Analysis, Pearson
Education Asia

6. E. Balagurusamy, Numerical Methods, Tata McGraw Hill
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8. S. S. Sastry, Introductory Methods of Numerical Analysis, PHI.
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What is Integration ?

* The process of measuring the area under a function plotted on a
graph.

I:?f(x)dx

- (0N

* Where: i)
* f(x) is the integrand

* a= lower limit of integration

* b= upper limit of integration




Newton-Cotes Quadrature Formula

y, Vi V2 v Yy :.fm
X

b

i n n(2n — 3 nn—12) 1 "
yo +_Ay0+ ( )AZ 0+ ( )A3y0+
I = nh 2 12 24
—n n* 3n3 . 11n? ; Ay,
5 2 3 ") 72a

. Where_
* Ayo = y1 — Yo, A%Yo = ¥ — 2y1 + Yo, Ay = y3 — 3y, + 31 — Vo

3



Simpson’s 1/3"@ Rule

The curve which bounds each strip is approximated as a parabola
(second degree polynomial). The Newton-Cotes formula for n=2

becomes You =+, A

B n n(i2n-3) , F‘w S
I = nh Yo + EAyO + 12 A Yo L I TV
Area under the curve is n

X f_h x,=2h-= coordinate shift

2(2x2 — 3
(2x )(y —2y1+yo)‘

A=2h
12
h

A=§[yo+4y1+yz]

2
Yo +§(y1—yo)+




Simpson’s 1/3"@ Rule ...Contd

Consider a curve as shown in figure which is divided in n number of

strips and joined by a parabola. fio e
fo B
Let A;, A,A,,...A_bethe areaundereach | —tJ0 7 5”
strip .
a® b
sub- sub-

mnf, 2

Area under 1t strip, A; = — |y, + 4y, .+ yzt

Area under 2" strip, 4, = = [y, + 4y3 + V4]

Wl Ssw|=



Simpson’s 1/3"@ Rule ...Contd

Area under nt" strip, 4,, = g[yn_z + 4y, 1+ v,]

* Total area under the curveisA=A; + A, + A + ... + A

h h h
A= v + 4y, + y2]+§ [V, + 4y3 + Yal+ e, = [ Vo +
4yn-1 + ¥nl

h
A=3 (Vo +yn) +4(y; +y3 + ... +Vn-1) +2(y2 + ys +
...... +yn_2)]



Simpson’s 1/3"@ Rule ...Contd

A= g [(yo + ) + 4(0odd terms of y) + 2(even terms of y)]

Note: For using Simpsons 1/3 Rule, the number of strips (n)
should be multiple of two.

The above equation is used to calculate area under the curve by
Simpsons 1/3™ Rule.



Simpson’s 1/3"@ Rule ...Contd

. ) . . . 2 e*
Example: Use Simpson’s 1/3" rule to estimate integration fl (e?)dx.

Solution: f(x) = (e?), initial limit x,=1, final limit x,,=2, Let n=6
. Xn—Xo _ E _
h=(2=22) = (=) =0.1667

n
Step 1: Calculate the corresponding values of x wrt h

Xo =1

X1 =X9+h=1+0.1667 =1.1667
X, =Xo+2h=1+2x0.1667 = 1.3333
X3 =Xo+3h=1+3x0.1667=1.5



Simpson’s 1/3"@ Rule ...Contd

X4 =Xg +4h=1+4x0.1667 = 1.6667

Xz =xg + 5h=1+5x0.1667 = 1.8333

Xg =Xo + 6h=1+6x0.1667 =2

Step 2: Calculate the corresponding values of y wrt x

eXo el
= = —27182
Yo x,? 1
eX1 81'1667 2 7525
V1= x, 11667
o%2 13333
== — 2.8452
V2 x, 13333
e’ e 2.9877
y3 - X3 1 5 -



Simpson’s 1/3"@ Rule ...Contd

p¥s 16667

YTy, T 16667 31767
oXs 18333
=2 = = 3.4116
5 x; 18333
L 2 e04s
Yo = . T2 7

Step 3: Calculate the area under the curve by Simpson’s 1/3" rule
h
A=~ [(vo +¥6) +4(y1 +y3 +¥5) + 2(y2 + y4)]

A= >0 [(2.7182 + 3.6945) + 4(2.7525 + 2.9877 + 3.4116) + 2(2.8452 + 3.1767)]

ff(%x)dx = 3.0597



Problems on Simpson’s 1/3" Rule

1. Evaluate f (loge(x + 1) + sin(2x))dx where x is in radians using
Simpson’s 1/3lrd rule by dividing entire interval in 8 strips.

2. The velocity of car running on a straight road at the interval of 2
minutes is given below. Find the distance covered by the car using

Simpson S 1/3lrd rule.

nnl-nnnn

Velocity (km/hr) 0

3. The velocity V (km/hr) of a vehicle which starts from rest is given at
fixed interval of time ‘t” (min) as follows. Estimate approximately the

distance covered in 20 minutes.

nnnnnmm

V (km/hr) 10



Problems on Simpson’s 1/37 Rule ...Contd

4.

A circular shaft having one meter length has varying radius ‘r’ as follows. An axial
pule of 300 KN is applied at one end of the shaft whose modulus of elasticity is
200x10° N/m2. The axial elongation of the shaft (Ax) is given by Ax =

(*/g) fol(l/A)dx where A=cross sectional area of shaft. Determine elongation of
shaft over the entire length by Simpson’s 1/3™ rule.

_ x(m) |0 | 025 | 050 | 075 | 100

r(m) 1.00 0.9896 0.9589 0.9089  0.8415

Gas is expanded according to law PV'3 = Cfrom the pressure of 10 N/m2.
Assuming initial volume of gas as 1 m3 and final volume as 7 m3. Calculate work
done using Simpson’s 1/3™ rule. Divide volume in 6 equal strips.

The data listed in table gives measurements of heat flux g at the surface of a solar
collector. Estimate the total heat absorbed by a 2x10° cm? collector panel during 14
hours period. The panel h{;\s an absorption efficiency €=42%. The total heat

absorbed is givenby H = ¢ fo q.A.dt where A is area, q is heat flux and t is time.

o 01| 2 | 3 | 46 81l

q (N/cm2hr 005 1.72 523 638 7.86 805 8.03 5382 0.24




Problems on Simpson’s 1/37 Rule ...Contd

7. Find out J-12.2 y. dx using following table by Simpson’s 1/3™ rule.

x| 1| 11| 12 | 14 | 16 | 13 | 22
y 3 4.2 5.8 10 14.5 25.1 40

8. Evaluate f04 e*dx using Simpson’s 1/3 rule for four strips.
9. Evaluate ff(e"‘—x3 — 2x + 1)dx using Simpson’s 1/3™ rule taking 6

divisions.

10. Evaluate fol (Si:x) dx using Simpson’s 1/3 rule with h=1/6.




Problems on Simpson’s 1/37 Rule ...Contd

11. Evaluate f00'8(0.2 + 25x — 200x% + 675x3 —900x*) dx by
using Simpson’s 1/3™ rule using 4 intervals.
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What is Integration ?

* The process of measuring the area under a function plotted on a
graph.

I:?f(x)dx

- (0N

* Where: i)
* f(x) is the integrand

* a= lower limit of integration

* b= upper limit of integration




Newton-Cotes Quadrature Formula

y, Vi V2 v Yy :.fm
X

b

i n n(2n — 3 nn—12) 1 "
yo +_Ay0+ ( )AZ 0+ ( )A3y0+
I = nh 2 12 24
—n n* 3n3 . 11n? ; Ay,
5 2 3 ") 72a

. Where_
* Ayo = y1 — Yo, A%Yo = ¥ — 2y1 + Yo, Ay = y3 — 3y, + 31 — Vo

3



Simpson’s 3/8% Rule

The curve which bounds each strip is approximated as a cubic curve (third
degree polynomial). The Newton-Cotes formula for n=3 becomes

n
I = nh Yo +_Ay0+

n(i2n-3) , nn—2) , :
| 5 AYot —— 4%
Area under the curve is AA

2
3 3(2x3 — 3) 3(3-2)
= 3h [YO + > (y1 —¥o) + v (V2 —2y; +y0) + Y (v3

— 3y, + 3y; — J/O)]

3h
A =E[J/0 + 3y, + 3y, + y3]



Simpson’s 3/8% Rule ...Contd

Consider a curve as shown in figure which is divided in n number of

strips and joined by a cubic curve. 3}
Let A, A, A;,...A, be the area under  *| "=
Each strip o |

0 1 I
14 12 1 08 -08 -04 -02 0 02 04 06 08

3n
—|yo + 3y, + 3y, + y3]

Area under 2" strip, 4, = n [vs + 3y, + 3y + el

Area under 1% strip, A; =



Simpson’s 3/8% Rule ...Contd

Area under nt strip, 4,, = % [yn—3 + 3yp—2 + 3yp-1 + yn]

* Total area under the curveisA=A; + A, + A + ... + A

3h 3h

A=—[yo +3y1 + 3y + y3l+—[ys + 3y, + 3ys + yel+
3h

.................. +? [yn_3 + 3yn_2 + 3yn—1 + yn]

3h
A=— (Vo +¥n) +2(y3 + Y6 + ... +2yYn-3) +3(y1 +y2 +
Vo TYn—2 +Vn-1)]



Simpson’s 3/8% Rule ...Contd

A= % |(yo + v,) + 2(y terms which are multiple of 3) +
3(remaining terms of y)]

Note: For using Simpsons 3/8t" Rule, the number of strips (n)
should be multiple of three.

The above equation is used to calculate area under the curve by
Simpsons 3/8% Rule.



Simpson’s 3/8% Rule ...Contd

zj;zzcnx)dx using Simpson’s 3/8t" Rule take 6 strips.
SUY_y initial limit x,=0, final limit x,,=1, n=6
2+3sinx

Xp—X 1-0\ 1
h=(=72)= (%) =5
Note:- Keep the calculator in radian mode since trignometric function
Step 1: Calculate the corresponding values of x wrt h
Xo =0
x1=X9g+h=0+1/6=1/6
X, =Xo+2h=0+2(1/6)=1/3
X3 =Xo+3h=0+3(1/6)=1/2

Example: Evaluate fol(

Solution: f(x) = (




Simpson’s 3/8% Rule ...Contd

X4 =Xo +4h=0+4(1/6)=2/3

X5 =X¢ + 5h=0+5(1/6) = 5/6

Xg =Xo + 6h=0+6(1/6) =

Step 2: Calculate the correspondmg values of y wrt x

~ sinxg,  sin0
Yo =73 + 3sinxy, 21+ 3sin0
yy =S Qg heeaq
2+3sinxq 2+3sm(g)
Sinx, sin(3)
Y2 =7 3 = = 0.1097
Smxz 2+ 351n(3)
Sinxs sm(2) — 0.1394
Y3751 3smx3 -

2+ 351n(%)



Simpson’s 3/8% Rule ...Contd

4 — J - o
24 3sinx, 5 3sin(%)
Sinxs sin(g) = 0.1753
Vs = 2 + 3smx5 2 + 3sm(5) |
sinx sin
y6 - 6 —] ( ) = 01859

2 + 3sinxg 2+ 3sin(1)
Step 3: Calculate the area under the curve by Simpson’s 3/8t Rule

Sh
5 [0+ y6) +3(y1 +y2 +ya+ys5) + 2(y3)]
( )[(0 +0.1859) + 3(0.06641 + 0.1097 + 0.1604 + 0.1753) + 2(0.1394 )]

sinx
fo (G502)dx=0.1250




Problems on Simpson’s 3/8t Rule

1. Evaluate f14(4x — 1)dx using Simpson’s 3/8% rule using 6 strips.

2. Find the integration of fon(4 + 2sinx)dx using Simpson’s 3/8t
rule using 6 strips.

3. Find the integration of fol's(x3 — 3x% + 6x + 8)dx using
Simpson’s 3/8% rule using 3 strips.

sinx.logex

4. Find the integration of f;n( )dx using Simpson’s 3/8th

rule using 3 strips.

COSX



Problems on Simpson’s 3/8t" Rule ...Contd

5.
6.

2

m( sin“x
Evaluate | (ex+cosx

A body is in the form of a solid of revolution. The diameter D in
cms of its section at distance x cm from one end is given below.

Estimate volume of the solid.

—nmmm

6.75 6.25
The table below shows temperature as 'runctlon of time. use

Simpson’s 3/8% rule to estimate fff(t)dt.

__t |12/ 3 ] a5 6 |7
T 81 75 80 83 78 70 60

) dx using Simpson’s 3/8™ rule take 6 strips.



Problems on Simpson’s 3/8t" Rule ...Contd

8. Using the following data calculate the work done by stretching the
spring that has a spring constant of K=300 N/m from x=0 to x=0.3
m. Use Simpson’s 1/3™@ and 3/8% rule.

nmm

0.10 0.15 0.25 0.30
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Double Integration

The double integration can be written as

Xn Yn
a= " "ryxdy
Xo Yo
The value of integration can be found by two successive integration in x and y
directions (by considering one variable at a time). In this case, the interval x, to x,,
is divided into ‘n” equal subintervals with step size ‘h” whereas the interval y, to y,
is divided into ‘m” equal subintervals with step size k"

h = Xn—Xo and k = Yn—Yo
n m

The double integration can be found by using (1) Trapezoidal Rule (2) Simpson’s
Rule




Trapezoidal Rule

Double integration is given by

In (Yn
Azf f f(x,y)dxdy |,
X0

Yo

In the given equation if n=m=1 then,

Xo X, =Xg+h
Yo f(x0,Y0) f(x1, %)
A
f(x0,¥%1) f(x,¥1)

X1 Y1
Azf f fle,y)dxdy [~ tk
Xo “Yo

Initially integrating the above equyat}ilon w.r.t. X
1
A:f E[f(xol:}’)+f(x1:Y)] dy
Yo

Now integrating the above equation w.r.t. y

(a)

k
A= 55 [f (x0,¥0) + f(x1,¥0) + f(x0,¥1) + f(x1,y1)]




Trapezoidal Rule

From figure (a)

A=Z—k[5umof-

Ji\

- square terms]

For n number of strips prepare a table as follows

X X, X, =Xo+h | X, =2x,+2h|x3=2x+3h|x, =x, + 4h
y

Yo f(x0,¥0) f(x1,¥0) f(x2,¥0) f(x3,50) f(x4,¥0)
vi=vo+k | [FGoyd| | (Feuy) | fOay) | FGay)Y| [FGay)
Vo = Yo+ 2k | |f(x0,¥2) flxy,y2) f(x2,2) fx3,52) f(xa,y2)
Ys = Yo +3k | |f(x,¥3) J(x1,3) f(xz,¥3) fs,ys) ) | |f (s, vs)
Vo= Yo + 4k | | f(xo,¥a) £y, v4) f (2, y4) f(x3,54) f (x4, Y4)

...Contd



Trapezoidal Rule ...Contd

The total area is given by
hk
A= Fauy +2) fauyd) +4) fauy)

Cornerterms  Terms at edges Interiorterms

hk
=S {lf (x0,¥0) + f (x4, y0) + f(x0,¥4) + f (x4, ¥4)]

2
+ 2[%(951;3’0) + f(x2,¥0) + f(x3,¥0) + f(xg,¥1) + fxq,y2) + f(x4,¥3) + f(x1,¥4)
+ f(x2,¥4) + f(x3,¥4) + f(x0,¥1) + f(x0,¥2) + f(x0,¥3)]
+4[f (x1,¥1) + fx2, 1) + f(x3,¥1) + f(x1,y2) + f(x2,y2) + f(x3,¥2) + f(x1,¥3)
+ f(x2,y3) + f(x3,¥3)]}

The above eqluation gives the total area under the curve for double integration by
Trapezoidal rule.



Trapezoidal Rule

Alternate Method:- Prepare a table for n number of strips as

follows:

..Contd

X X, X, =xg+h | x, =xy+2h | x5 =x,+ 3h
Y
Yo f(xo, }’n) fxy, }”n) (Iz }’n) (xs Yo)
Vi=Yo 1tk f(xo, y1)>-—/|\f(x1 Y1) H}F(xz Y1) %f(xé y1)
YV, =Yo + 2k f (xo, }’z)%}c(xl Y2) f(x2,52) f(x3,52)
\\ e
V3 = Yo + 3k f(xo, }’3) (xl V3) —/ f(x2,53) K-jf(x&}’a)




Trapezoidal Rule ...Contd

Alternate Method:-

Total area is given by

hk
A= e [sum of squares A terms +

sum of squares A,terms + sum of squares Asterms +
sum of squares Aterms + sum of squares Asterms +
sum of squares Agterms + sum of squares A,terms +
sum of squares Agterms + sum of squares Aqterms]



Trapezoidal Rule ...Contd

Example: Evaluate fol fol(ex+y)dxdy using Trapezoidal rule. Take h=k=0.5

Solution: f(x,y) = (e*Y), x,=0, x,,=1, y,=0, v,,,=1, h=k=0.5
Step 1: Calculate the corresponding values of x and y wrt h & k

Xo =0
X1=X9g+h=0+05=0.5
X, =Xg+2h=0+2(0.5)=1.0
Yo =0
V1=YVo +k=0+0.5=0.5
Y, =Yo +2k=0+2(0.5)=1.0



Trapezoidal Rule ...Contd

Step 2: Calculate the values of f(x;, v;), f(x,y) = (e**Y)
1) xo=constant

(x , ):(€x0+y0) — (€0+0) =1
f (%0, Yo
f (g, y1)=(eX0%71) = (e2+5) = 1.6487
f (g, y2)=(¥072) = (e%*1) = 2.7182
2) x;=constant
f(x1, ¥0)=(e¥11%0) = (€%5%0) = 1.6487
f(xl,yl):(€x1+y1) — (80'5+0'5) — 27182
f (a1, y,)=(e¥1%72) = (€%5*1) = 4.4816



Trapezoidal Rule

2) x,=constant

f(xz,y0)=(e¥2tY0) = (e1*9) = 2.7182
f(xy,y1)=(e*2tV1) = (e1105) = 4.4816
f(xz,y2)=(e*21Y2) = (e1*1) = 7.3890

Step 3: Make a table for all values of f(x,y)

X X X, =Xy +h | x, =x5+ 2h
Y
Yo f(x0,%0) f(x1,¥0) f(x2,50)
Y1 =Ytk f(x0, 1) f(xy,y4) f(x2,91)
Vo = Yo + 2k f(x0,¥2) fx1,¥2) f(x2,¥2)

...Contd



Trapezoidal Rule ...Contd

X 0 0.5 1
Y
0 1 1.6487 2.7182
0.5 1.6487 2.7182 44816
1 2.7182 4.4816 7.3890

Step 4: Calculate the area under the curve by Trapezoidal rule

= —g{[f(xo;%) + f(x2,¥0) + f(x0,¥2) + f(x2, )1 + 2[f (x1,¥0) + f(x2, 1) + f(x1,¥2) + f(x0,¥1)]
(ley )

A= 77{[1 +2.7182 + 2.7182 + 7.3890] + 2[1.6487 + 4.4816 + 4.4816 + 1.6487] + 4[2.7182]}



Trapezoidal Rule

...Contd

A =0.0625{13.8254 + 24.5212 + 10.8721}
A = 3.0762

Step 5: Calculate the area under the curve by alternate method

0 0.5 1
Y
0 1 1.6487 2.7182
(+) («)
0.5 1.6487 N7 2.7182 N7 44816
OO,
1 2.7182 44816 7.3890




Trapezoidal Rule ...Contd

A
hk

=73 [sum of squares A;terms + sum of squares A terms

. + sum of squares Asterms + sum of squares Asterms]

= —={[f(x0,v0) + f(x1,y0) + f(x1,y1) + f(x0, y1)]

+ Ef%xLJ’o) + f(x2,¥0) + f(x2,¥1) + f(x1, y0)] + [f (X0, 1) + f(x1,¥1) + f(x1,¥2)
+ f(()xsobysz)] [f (x1,y1) + f(x2,y1) + f(x2,¥2) + f(xq, )13

= ??{[1 + 1.6487 + 2.7182 + 1.6487]

+ [1.6487 + 2.7182 + 4.4816 + 2.7182] + [1.6487 + 2.7182 + 2.7182 + 4.4816]
+ [2.7182 + 4.4816 + 7.3890 + 4.4816]}

A =3.0762



Problems on Trapezoidal Rule

1. Find the double integration of f(x,y) = x? + y? + 5for x=0 to 2
and y=0 to 2 taking increment in both x and y as 0.5 by using
Trapezoidal rule.

2. Solve using Trapezoidal rule fol fol(xzyz)dxdy taking step length
in X and y as 0.25.

3. Use Trapezoidal rule to evaluate fol flz ((1+x2;)62}1+y2) dxdy.

4. Find the double integration of f(x,y) =x+y for x=1 to 3 and y=0 to
2 with step size for both x and y as 2 by using Trapezoidal rule.
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Numerical Integration
(Trapezoidal Rule)

Compiled by
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What is Integration ?

* The process of measuring the area under a function plotted on a
graph.

I:?f(x)dx

- (0N

* Where: i)
* f(x) is the integrand

* a= lower limit of integration

* b= upper limit of integration




Newton-Cotes Quadrature Formula

y, Vi V2 v Yy :.fm
X

b

i n n(2n — 3 nn—12) 1 "
yo +_Ay0+ ( )AZ 0+ ( )A3y0+
I = nh 2 12 24
—n n* 3n3 . 11n? ; Ay,
5 2 3 ") 72a

. Where_
* Ayo = y1 — Yo, A%Yo = ¥ — 2y1 + Yo, Ay = y3 — 3y, + 31 — Vo

3



Trapezoidal Rule

The curve which bounds each strip is approximated as a straight

line(first degree polynomial). The Newton-Cotes formula for n=1
becomes

I =nh [yo + %Ayo] s 1

Area under the curve is
1
A=1h [J’o + E(Jﬁ — YO)]

h
Aza[)’o"‘)ﬁ]

SO



Trapezoidal Rule ...Contd

Consider a curve as shown in figure which is divided in n number of
strips and joined by a straight line. g, Vi V: | Yy

Let A,, A,,A,,....A_ be the area under each
strip which is considered as a trapezoid

fix)

Area under 1% strip, A; =

Area under 2" strip, A, =



Trapezoidal Rule ...Contd

Area under nt" strip, 4,, = g[yn_l + v, ]

* Total area under the curve is
A=A +A, +A+ ...+ A,

h h k

Azg[yo —|-y1] +E[y1 +y2] t o +E[yn—1 +yn]
h

A= [0 +¥) + 207 + Y2 + +Yn-1)]

The above equation is used to calculate area under the curve by
trapezoidal rule.



Trapezoidal Rule ...Contd

Example: Evaluate f03(2x — x%)dx taking 6 intervals by Trapezoidal rule.
Solution: f(x) = (2x — x?), initial limit x,=0, final limit x,,=3, n=6

= () (5) 0

Step 1: Calculate the corresponding values of x wrt h

Xo =0
X1=X9+h=0+05=0.5
X, =x1+h=05+05=1.0
X3=X,+h=10+05=1.5




Trapezoidal Rule ...Contd

X4 =X3+h=15+05=2.0

Xc=x4, +h=20+05=25

Xg=Xs +h=25+05=3.0

Step 2: Calculate the corresponding values of y wrt x
y0=2x0—x02=2><0—02=0

yl — le - xlz — 2 X 05 - 052 — 075
y2=2x2—x22=2><1—12=1

y3 — ZX3 - X32 — 2 X 15 - 152 — 075
y4,=ZX4,_X4,2 =2X2_22=0




Trapezoidal Rule ...Contd

Ve = 2xc — Xx52 = 2 X 2.5 —2.5%2 = —-1.25
y6:2x6_x62=2><3_32:—

Step 3: Calculate the area under the curve by Trapezoidal rule
A=Z (Vo + ¥6) + 2071 + Y2 + Y3 +Ya + ¥5)]

A= 075 [(0—3) +2(0.75 +1 + 0.75 + 0 — 1.25)]

A=-0.125

3
f (2x — x%)dx = —0.125
0



Problems on Trapezoidal Rule

6, 1
1. Find [ (-

2. UseTrapezoidal rule with four strip to estmate the value of
X

. 2
integral | (=)dx.

)dx using Trapezoidal rule take four strip.

3. Evaluate f45 Inx dx using Trapezoidal rule, take h=02.

4. Find the area under the curve on x axis. The curve passes through
the following points (1,2), (1.5,2.4), (2, 2.7), (2.5, 2.8), (3,3),
(3.5,2.6), (4,2.10).



Problems on Trapezoidal Rule ....contd

5. A function f(x) is described by following data. Find numerical
integration of the function in limit 1 to 2.2 using trapezoidal rule.

U n Tan a2 | a4 | e | as |22

F(x) 3.123 4.247 5.635 9.299 14.303 24.759  39.319

6. Find the integral [ = fn(sinx)dx using Trapezoidal rule. Let h= /6.

7. A curve is drawn to pass through the points given by the following
table. Find the area under the curve using Trapezoidal rule.

i s | ae e s |2
y 2 2.2 2.7 2.8 3 2.6

8. Evaluate f14(3x2 + x — 1) dx by using Trapezoidal rule with 5 strips.



Problems on Trapezoidal Rule ....contd

10.

11.
12.

The total mass of the variable density rod is given by m = f;’ P(x)A.(x) dx. Where

m is mass, P(x) is density, A.(x) = cross sectional area, x = distance along the rod
and L=total length of the rod. The foIIowinF data is measured for a 10 m length rod.
Determine the mass in kg using Trapezoidal rule to best possible accuracy.

xm | o | 2 | 3 | 4 | 6 | 8 | 10

P g/cm? 4.00 3.95 3.89 3.80 3.60 3.41 3.30
A;, cm? 100 103 106 110 120 133 150

Find the interation of (4x + 2)in the limits 1 to 4 by Trapezoidal rule using 6
strips.

1
1+x2

Evaluate ff(\/sinx + cos x) dx by using Trapezoidal rule taking 8 divisions.

Find the integration of in the limit 0 to 1 by Trapezoidal rule using 4 strips.




Problems on Trapezoidal Rule ... Contd

13. Evaluate ff(ex +x3 —2x+1)dx by using Trapezoidal rule
taking 6 divisions.

14. Find the interation of foz e*sinxdx by Trapezoidal rule using 4
strips.
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